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Abstract
Low rank matrix factorization is a fundamental
building block in machine learning, used for in-
stance to summarize gene expression profile data
or word-document counts. To be robust to outliers
and differences in scale across features, a matrix
factorization step is usually preceded by ad-hoc
feature normalization steps, such as tf-idf scal-
ing or data whitening. We propose in this work to
learn these normalization operators jointly with
the factorization itself. More precisely, given a
d ˆ n matrix X of d features measured on n in-
dividuals, we propose to learn the parameters of
quantile normalization operators that can operate
row-wise on the values of X and/or of its factor-
ization UV to improve the quality of the low-rank
representation of X itself. This optimization is
facilitated by the introduction of a new differen-
tiable quantile normalization operator built using
optimal transport, providing new results on top
of existing work by (Cuturi et al. 2019). We
demonstrate the applicability of these techniques
on synthetic and genomics datasets.
1. Introduction
The vast majority of machine learning problems start with
a matrix X P Rdˆn of measurements that keeps track of
d features measured on n individuals. An important way
to summarize the information contained in X is to find a
low-rank matrix factorization, namely two matrices U and
V of sizes dˆk and kˆn such that UV « X , as quantified
in a relevant matrix norm. While this problem is known to
boil down to the truncated singular value decomposition of
X when the norm is Euclidean, the two most recent decades
have succeeded in producing extremely useful variations
on that problem, handling for instance the cases in which
the entries of X are non-negative (Lee & Seung, 1999; Hof-
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mann, 2001; Févotte & Idier, 2011), binary (Slawski et al.,
2013) or even describe rank values (Le Van et al., 2015);
considering various forms of sparse priors on the factors
themselves (d’Aspremont et al., 2005; Mairal et al., 2010; Je-
natton et al., 2011; Witten et al., 2009); and extending these
problems to cases where the matrices are incomplete (Koren
et al., 2009; Candès & Recht, 2009).
Low Rank Approximations Let Rdˆnk be the set of dˆ n
matrices of rank k. Choosing a divergence ∆ : X ˆX Ñ R
defined on a subset of matrices X Ă Rdˆn, and Zk Ă
X X Rdˆnk , one can introduce the operator
ΠkpXq :“ argmin
ZPZk
∆pX,Zq.
While a very large literature has focused on considering var-
ious divergences ∆, such as Frobenius, KL (Lee & Seung,
1999), Beta-divergences (Févotte & Idier, 2011) or Wasser-
stein (Rolet et al., 2016); and sets Zk (sparse, non-negative),
an important practical limitation of these approaches is that
they perform well if the values described in X have a dis-
tribution that is somewhat shared across features: Because
the discrepancy ∆ is usually additive, the loss ∆ can be im-
pacted by differences in ranges. This problem is addressed
by “massaging” the entries of X first, notably through ad-
hoc normalization schemes carried out feature-by-feature,
such as taking logarithms for gene expression data (Risso
et al., 2018) or using tf-idf schemes for text data, before
feeding this modified matrix X˜ to the projector Πk.
Increasing Feature rescaling. We propose in this paper to
automatically learn such a renormalization, rather than leave
to the user the arduous choice of selecting a suboptimal
method. We also claim that we can gain interpretability
by then finding out which features seem to be inflated /
deflated to improve factorization. Our approach allows for
an increasing map, defined for each of the d features, to be
applied to all n values of the row of a matrix, either prior to
and/or after the factorization step. The benefit of increasing
maps is that they preserve the relative order of samples,
which is an important point for interpretation. Denoting by
T the set of increasing maps from R to R, we consider a
family of d such maps T “ pT1, . . . , Tdq P T d, to which
we associate (using the same symbol) an operator applying
each map Ti to the corresponding row of a dˆ n matrix W :
TpW q “ rTipWijqsij P Rdˆn.
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min
U,V
 (X,UV )
<latexit sha 1_base64="lS0bjxkp/A1N 8L4datE8Cwh2RjY=">AABI RHiczVxbc9y4ctY5uZ2jXM 6epE7lIS/YyHJs72hWI9vrv Zzd6OKxrNXF8kiyZYvyFIf EzDDiTSRmJJnF/Rf5BXlN/ kb+Q/5D3lJ5TaUbIEACJGV 7k0pFWztDdn/dABqNRuMyHs W+l7LV1X/7xS//4A//6I// 5Fe/XvzTP/vzv/jNZ7/9y1 dpNEsceuJEfpScjuyU+l5I T5jHfHoaJ9QORj59PbrYQv7 rOU1SLwqP2U1MzwN7Enpjz 7EZkIaf/bUVeOEwO+m8yon 1lPrMvnfaOXl1f/jZ0mp3l f+R+kOveFha//YfBz8Nfnd1 OPzt9u8sN3JmAQ2Z49tpet Zbjdl5ZifMc3yaL1qzlMa2 c2FPaGazEZ2kU68TzHzmJd FVx/YnUeKxaVA+eY4mdAaP oR3Q9Dzjzc7JMlBcMo4S+D9 khFP1YoI0vQlGgAxsNk1NH hKbeGczNv76PPPCeMZo6Ii CxjOfsIigDYnrJdRh/g082 A7U1XOIM7UT22Fg6cXFRTAk mCCh+6D5RUwTm0VJZgVg6T zDjxaAn9I8w49bFExy8f3O mthBYOeL8q9af3fuxWlhq2 thLK3tI//CThL7Jl8mU8bib 7/80mF22I2SyZfxxeRLyV6 0QnrlRFBM6EKp4DGhS6/zs 945vI2i68xKofUxS733dKm X62WgVd2IpVjDZZJGASUssV 0P3c72iUvHXojPKWFTGzrP DsmIkpEPtXZJFBInsb0JGW FFGNNrstnfOAIzgAt5YUYv Q17ZB1h+FdUXKArPrRjQVFP UoMdQU9fysqJlxkdWXctLp aUZsblzrLR4jAZg1JoSDkE lLYDNg5P9siohDEawXl2NQ PHKVDDYT+DE6ZTYrgudwKY0 hU67iowySpM120uaq9lWW0 ragUhBk5r4ViGu2FgvRq8Z sUejhM5THe+M8yyzPPCgcd fURScFj3YnNaZHC6bXpXVJ5 khR5nR5JTR+FNI052NiOhq TXuHkzCVIgYfZeKwLQEz2U 1QpBg4IDfJajaDBE4ggGux tDUYvRzcwfIriE+rDOGQw6v gTD+F59n1NCh5iH0ZvVfdW DQXhMtAgRwAhBNoGDMoSiH RQKHzRlDcZph0CAbto8bKm 6yi2w1yqwg5MgixFmlnowA 4n1EQmnGhCw5nvgw6H9x023 4FYcmCihGwFMTARB6Uevdi ygIZaXhQ2j2LRg0jJjVYfJ zroOKlBYNaY6CBOMcqDSDh y7cDmXSZehtC0gCCpBYwTjI 71MM4sn56eEncWjMjljKYY fL4lbkSuKAkjRiBoE16ne9 1u9z5OcjClBrxOPFTDpLo8 8iPnoiRJH/h77gRxEo3sked 77KbREfrXMUyXeov7Wa0NE ib4JvcQCtFVcIo5NpKxDkK CGJ1OFM7pNdbxLoli5kH85 HG4abRuRdJ7opiIoRI1jKiP AL2yDX+Y20m96S4keqZHpK yO24NoXBhoLx+uGdyX/ad5 9tNPVjLz6dlKD7Ovr2PQix +5BSHDuqQFTBe0Y+jCa59ea jElgKkA3y8oDJAzTObO/HM cXF6KlGzlYfcRqkek79+xU i+4AzWuIHrdHgLu/B7p5ii wk4nwV9lq8LmCZnZq7BmdCg RT3fQmjnQUp5iweUN/1MP7 PPINFBDMnm3GGJrcKDA6Fg im+ceG0yLBdDajMKdWn41w 4lNDDyfVZxnDBECpRVBcUBg uCbQCqpt05Oo4eDe0zWvDH yi1MZDGOR8JsW/fpOyGrxm qgHGEqRPaATwNfNXojhd72 sTFe6PJ5zCgmj6HEVVXdx2 h516/4xB85kEEUiIIjr4fXU EmTjAJICmlAbmybyBuRiSF CObZPmRmLsZRSGinNKEQVh eXfcr+LiVRMKeYWAXItgmU SMaeTyH99X2QgTGarnVhKoK gy3NmNsWCfO+C8jRZr+PpS GvxaS1cXKe8DZgeJGaX2Ek 8FVFHPDaixFTCUeKxEfUWA W8bWWNOy8aNzGvBbK7gtdPG ETVxbq+TYPFOlDC9K7mt+e LR4f14l0xoCKmw6DxYTaOv wWqFGvnmhF7uamFy5jj0cr hr2n5SQ9UxvqELVu6Nuvwaq qE80KUmkWrNst13D2qeMWn ANiP9mt6ils3oBmxLDejlX kNt92q4GqqO8Q1dRQ3ruBq qoTzQ1WzHvaZWNGCbkX5Nr7 RjI7oBq5CLIqpBGIkSGmTF d54dFw86G6b2OEr5ujs/K4 jn2WGFquPhfzu5qEAHgrC4 rMHSyJ8ZOo8kSVeYzqBRyU0 VWFAAF7lu6rlYAiwJyaoXA o3OaVgjYn5+5bmwuvqq+1h QorhArEgKYKbUm0wZ+aaLY ovmrAaLsFit27JBPvziXdgw P0ocPA9NtNhyWSbPIHRA+g yhA8RgchxDpA+dIlzQcO4l UYibYRkHAQYguGZ0fAoB15 5QK4VpEcz1IDtQagZKTW7B KhxCEwMVKe7uZSyCmFfI5C0 y2FMJGqCZv1gsvXnGxktgk U/DCYNET+4iphceNH2l14W ML7diO8Fdn5AReCX4inwiE r+yKbhg/7BSodNc0iWyTXxj KZ2NlF3EppIBVvwSb4pg99 BrmjiQh8rwPcPdhIxehxGo BHNUlILPcDp/cqZ2DMgu5A qwpnGERF7rVKW+uUf7iv2Bb qwAy74riZ/cYWbbfHtEfdz lgRT6nmX78TQTb/eVbtxlz kmx7CpKJq2mwM2QDDf6NJM uQ9OZrJhPx0yMzDzjdcqLLR 1e0s/1GoLbEAAjaKdRxKY4 ur3xGIYq5f1t4wZHQ0dxer 68KPedLmcwNHLdsBg5YIj3 BRjaiPBK9fBRyEnv4sD6YJe MTyov/XCBIirXiiuC9UcVJ uL47UVZY48Xxxf10Zh8/vn n8GaWynmgZpl8RLGHCOalI vyWJuI+kkvFljKuy1dWVvj+ RDBzpjxRC6Orz2sWACkUqp mgcLlqAWNvMkugz6BBuBiG V0idl3qQpSZ2wBe51hT3si GqTCErx2CHufVq9xtBz3l0g VmLcAs5diw2sG3i2yT1Ejp H1bhgtmEsMBgc+O5H4YSXt 46cQmipt7SWARf+rDmPqN/ ErHivGrEgweCCmljrjAYxPN jWFCvGR+xS79ucLK1JpDd2 vYBYV24JJj+Qx2KCJPJP34 GtM2AR7uEIhTn7POPCGui2 MATWeoxjvoRXq8lnkI9UVd fEe1TVzWRorbGoCAv8Ga0FC y7Ri0XnGvYEkpSEIbCslBa +KmoN40P0LkQf6Fwjuxh7Y mWJgQ/w2bOd09r0Ra80yEH /tfDN5WVydNjf2nm2s0WOX5 Dj531ysHN4RAb97ZO9jcHO 243jnRcH5HDjsD8ggDbLvk wZbt7AmsXl4y5Lu6yb8/dc xEmyulhNyvj5i0j/sqfl8+L tiWWV60QJrIQxjcu21KOG8 CmeUGV7/GuxLSfVU1ETRRN 2IyD8SePL0C7DqM4tQqNKX 6F/iGm2/qD/VKQRo8h38aww 8sVWMD81Ax2uHPRtp3poyB zN2XZqByy+sRbhMSxlUuJ7 oRMDw+hQ5ZiH6DGctqlom4 oWK1qctxXXv0Z7tFdmkmBtJ yKLhXVFNIdMu3TQKAmEQfx XYPClnpXgd06KGriqBq6q1 WtFK5yZfLxr6ocqR17VTo6 X4CL/yKvvqm3ubB+Las5h4P rI4wlFNJPJZJYXrM0tCwbQ dp9HIevFYJv3p9XfEnyjCs 92Bkeg+ZHSjOIwXGkmpzMw iSVjdvcRLD6EzjXwEcsq6D0 vhMRLk3pYYa85AVl6VKnCc vXg1E3xNFs6B0RD4YrxLCq ONZLJCIPjk9XOarf3uLOa6 8CRP4NOtm8UcBUwAP3awE0S CmHXBHYfC7UG2MWcK4muQg V+hLi1Dko1YJ0bW0EB86jT q9USmlsiaq3gI49zew3cCY zWgt39utP9qgaIvVBpBwTUs lMzQHATzxIeP2STvvoK2/T oCXx+tfqkBvcxOUfzlhbrQ e26D79BuSeP14pBpUWYw4P d2yKMqKgIMZogeJWQKzyoKq NcoUFuc7vfJld6RoPcdrtc xVMaBJ9uvm4TrHhNg+DWm4 3bBIULNcgdHrYbRvSnitia YXZ32w3DnbGhLDU/1IUqc8P yz51UmoP0PgICaobH/vber XrFoGhoRF/5RLPgrX7Rl+Z ulg0gZIV44twkun+76I3eX 4bs5u2ylcHYJK6GT8uw04cQ Me8gSNdsljbcsyb9AXFN1I wXaji1F10dUmbZ27d3tTmU SXl/SDvSia6pSy9DvrGO6p YXIR8+s8a47MDneu6OeTvfn 4M1wBoHwpSWfywWjyxLsLE IqQoozBlMxOfqTVsYCGqO7 FoUoGHqRKGbn62dZ4TvVFg ZLE6I9d131nd8gcK3YKycyP TGVumNrVKeQNECRbtStCtF G48VcayITTlUqmipok23FH Gav9uS5AtFFZcPkIgnGIpc 2zS7hE9IwQjPuYhIwoCUFw SpeENp2FB1OFW0U0V7o2hvK jnsSFFHCnmtaNeK5iiao2g zRZspGlU0qmhzRZsr2o2i3 ShaomiJor1XtPeKtqNoO4r 2o6L9qGjHinZcafGJop4o5F Mx2NR8IS52FHkBR0yU1KSi 64WivlC6cLOudD6+d1d64I iyCg/fFEscd5VM8V76bmlt K5hV6vCeJpEWN1ZL5nPnffZ 8CFyno8w3CIsddb6FzimBp ASSInfd37lKSollocW8gKY klCqPbsqRBc/5MCwZic5JS jP52eYwuQfuNly9X1AdTuZr Cb7pymH1o5O2VfCnnK80r4 M1iL4Qbj2dueVQpr7UbVuP +i5leeZHE/w2ZoePv3LhRg xqJsIkxswZrqZ56OZ3CjBid iBaWh1+10pcMqisYVjiBY7 vxR15+9SIwhv8HgufVIJyS uE9tzG1/fES7sq54BvXcdJ 9bIlzHyDiDeS1xzTA+wk2LH K5lJFZWVgw37cjqyQT+r7I yWqe3dm9kxeTg5H9VKQKiR WQwP8qUjlOJ1oz8HCObuE9 kMamsKmXuE+1tjyEv/9Jc9Y KpSuiQQ951X5tTvBac4QAW oBUX5T0B8xRLbEwyMOqQap /eupc9vHn8J9pnMH/cj8PK v188FH9PDD6GaWwVVjdeuKw f6MdO7XuO0Ba1bizEKdQFX 6lXAyqzS0rdWyf35MCGTxr BB7fSMA7sGbxYePl0INinV MZevx0h/HNOoMq7vk2XoI3S +O7nsAptoIgSzqrbkvz63/ XOWRgaou0IIns6TxvVheX+ u59ir77hr6RNym1CT2xrkO +lrMbzJCB7YipcigmaXgv0w 1mj5jG3TyWTOZBUJUI/lLM uFVkUc4edA/eON0rSf1i4h pl/ZI4GCjqQJbz8qWivZS0 t28V7a2kHRwImptmB5K2va2 mx+2ylFno0sDjBxwO5IXZm mqS5LAqS1YYGqDuzvJKc/J rjfxakp9q5KdqKtfIR5J8q pFVUrmlkbckeUMjq7R0oJGV /U40skrKXmnkV5L8TCM/k+ RAI++rFHufvw6/eDe6xxsh M439Gl6QY4nvGfjnkjE1GH PJeGUwUslIDQYTDOsYvnXWo VYrtau8rZG3lUNpZOVTzzX yc0meauRpFQ1rE/waXhS0P Q26p5xaIyu/3tHIKiXf1ci 71Wz6R42lEvZNjaz2z99o5D eSfKyR1ajfSculisqef6wQ 1TpnN9UXNXIYXYRqHdDPh9 nFUOW5/VjjxKVQPPVYIu/k DYvVBEtyKQnUydzkT+Z5qeF UBalTrcemcrz294qfCQzlb 4iEh8epm5U5NuTe775QpaZ uVv1NAOcplsFzq7xE5yVVX qDzgirvQOcdIK+oZqWWh1ot d+04tnVPUavjUIXMHhg87I QVZoUlNZU9t1suQnZK6g6n LpaeuB/5GL0jH4YpBHJjoA LztMo9vZ9XBHFFxHk1KSlj xpDIf1NhvdFZp15VzKtwTuI K5yROPT8KJRv1g9Hx610GU 0zpUFthQifZFlrN6uBtbC4 3DJVPbhX8Kktw0kshLHS8y 1aqM1GJEZAmRFGFMc68U5tl 41z6PE66hYZxlM5NduQcvd qvbQse4yUfPJDnaYWdJNGV KiO4ec2vjlEXr6lkxd7Qve thr2MPe/c78LQGT2v3O7DGi liKBBcI7n25ZaRUvdjfOYb MVrrNwRa8LPWMLAty1sONQ SUjwsM2me3wGH4I/l34425 mXaB3t20Zp7M4zjP+2YJw7A SSZv5JmhEXsI658GWJe2qQ 7e7xSbBRZgd0wv+krVpQY/ GbnzZEgr/Rwg/SVgSsr5M8 45/tkDki5kZvC0nt1jxSaqi 5CZoXOwUfOvBtQeD9evi/5 UecuFyEsdgqnc7w5wD8s6W jaAB9jR+3VLHtyLlFwgtTv gSxOm3+c8gXXfyzrbMnsPDE j7afr+Lt+DwTX60OgxCBaK kq/wUHfrQBcEcjz4pr/beB cCuk+G61JP+pFv9sWGfxFZ X6DXPLkbo9SotBPi9O1OfFi fonHL6b0IMSimFK4XkgklI tm/r/Tzf0jd/PFgs59f5xW /0YumD1GBUdmMow3rDa/H3 nB8uyvrOs78UX3tDu4PXvlk WoJaebqn56eUsJn6BYrQqh xoMBJDXFbxp0n4MV6Ax89J rTtXtm2NHe2PLG66MocWHU g3SxsuXvosDMWvfGIe6ITO3 kgfCBigBLZlS+C4F1vJBRQ fDLlibkgdgYw8JMjlbgmVa gxFRKUKSze/fP8xad3tlS7 3xpTejiNp8k0SwWuz3BOpuK W12uF9hfd588tuJ1eXvu/b o119ydbxTj9JE4CQw+2/cm kIld0CQkayg38aOR7UP3MY Bg56HXkrx0RY+LkOzO0tId causFMansirkLt6ohSiLPy0 lSgHKECVN7t4VRzIGXVQwC jwGXpHMmC7fVP0V/Srd0lq pohTmuoCh9soKO7GrwlDWL Jw7UXyDlitsIS8ihtTy7RSf G4SnhfBUQmchVuPTdciq3h HWxEuNIFS0UNlWDMD1sQcu Go3ZVbTUk4L8QmTFf7nsWs z47UCpqFA79pRl6hUV9pBvu s5SF+94mGmVorm4k5i1Sqx YMP710kEM7F44LIJWdGmIr 57evbe2FuJxaSnefKwkr0E HNYkQtI73uUO3MB+5I+Mq/h yaQBAT7ee9UFS46CheOI4N MQrz2g1JHGSUxdld8gW5m8 v3AN5XKu8U3r9X71443/Sy TVgNwGLNGu3U9ifH/5Bnas f9/+bsYPyzzg6kVG5uKOONU gbxA1c7fD9YbMRJMuFbwup lrfWuiMuuyt+z4MtwtTW3q mPlBgC33sUku5DLp+2NPH9 Xbg986N8zaUGU/6DJLSpq/6 JJdcZT/3pJxXJo9Aidn+c/ HAAhOmM8Le7mVqVrKgeAgs pBuEVfedW1gx98WDk6y0fq Hn621DP/2Zz6w6u1bu9h9/H L1aX1HxbE368W/mbhbxfuL fQWniysLzxfOFw4WXAW8oV /WvjnhX/Z/tftf9/+j+3/F NBf/qKQ+asF7W/7v/4bq7si OQ==</latexit>
n
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min
⌫,⌫0
 (X,T⌫(⇧k(T⌫0(X))))
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Figure 1. (Left) Schematic description of classic matrix factorization, with rank k factor matrices U, V . (Middle) QMF, the approach we
propose to re-normalize the values of each single row i of a factorization UV a quantile renormalization operator defined per feature,
using a target measure νi. Each measure νi is described by a probability vector bi of size m and a vector qi of m quantiles (increasing
values) at those levels. ν stores all of these distributions. (Right) Assuming one has access to a (differentiable) projector Πk, we can
require additionally that X be itself the quantile normalization of a reconstruction of itself, after another quantile normalization operation.
Here Tν1 acts as a “deflating” mapping done to facilitate factorization, “reinflated” by Tν to yield the best possible reconstruction.
Our goal is to find one (or possibly two) maps T that can
work hand-in-hand with matrix factorization to minimize
reconstruction error. We consider first quantile matrix fac-
torization (QMF), which minimizes ∆pX,TpUV qq jointly
in U, V and T. We introduce an alternative approach involv-
ing two maps T,T1, to minimize ∆pX,TpΠkpT1pXqqq
(QMFQ), see Fig. 1.
Scaling with Quantile Normalization. To define and opti-
mize families of maps Ti, we need to represent monotonic
invertible functions in a parametric form that is amenable
to optimization. While several approaches have been pro-
posed recently to parameterize such maps (You et al., 2017;
Wehenkel & Louppe, 2019; Gupta et al., 2016, and refer-
ences therein), we propose here a new approach that can be
conveniently optimized with respect to both the parameters
of T as well as its inputs, with the added benefit that one
can control exactly the row-wise distributions of the outputs
of T. This can be useful for instance to enforce similarities
between the values taken jointly across one or more several
rows, or to “pin” these values to lie in a segment, as we
do in our experiments. In order to reach that property, we
parameterize each map Ti as a quantile normalization oper-
ator w.r.t to a target measure, written as Tνi . Differentiation
is achieved by extending the toolbox of Cuturi et al. (2019)
to include soft-quantile normalisation operators.
Contributions Our contributions are two-fold: (i) After
introducing recent tools of Cuturi et al. (2019), we improve
them in three ways in §2: we add to their operators a new
differentiable quantile normalization operator; we prove the
monotonicity of all these operators, putting these tools on
a sound footing; and we derive the implicit differentiation
of these operators, rather than unrolling Sinkhorn iterations.
(ii) We introduce low-rank factorization models in §3 that
employ this soft-quantile normalization layer, and propose
various algorithmic approaches to train them (including
stochastic schemes), either relying on implicit or explicit
factorizations as in Fig.1. We test these approaches in §4 on
synthetic datasets and on real multiomics cancer data.
2. Differentiable Quantile Normalization
using Optimal Transport
We recall the approach proposed recently by Cuturi et al.
(2019) to view ranking and sorting problems as optimal
transport problems that can be turned into differentiable
operators through regularization. We then proceed with
three contributions: (i) We extend their operators to define a
quantile normalization operator rTε,b,q which takes an array
of weighted values x and modifies them so that these values
now follow a given target quantile distribution as described
by b and q. The parameter ε ą 0 is a smoothing parameter
to ensure differentiability. (ii) We prove the monotonicity
of Sinkhorn-ranks, Sinkhorn-sort and of the newly intro-
duced Sinkhorn-quantile normalization operators. This is an
important result that was missing from Cuturi et al. (2019)
(informally, proving the the curves in the middle plot of the
Figure 2 can never cross) and that is also crucial to ground
to work on solid footing, since we can thus guarantee that
our functions rTε,b,q are indeed increasing and therefore
conserve ranks. (iii) We introduce an implicit differentia-
tion scheme of the solutions of regularized OT, which offers
an interesting alternative to the automatic differentiation of
Sinkhorn iterations that was put forward by Cuturi et al.
(2019).
Notation. We denote by Σn “ tu P Rn`|uT1n “ 1u the
set of n-dimensional probability vectors. For any vector,
x “ px1, . . . q, we write x for its cumulative-sum vector,
namely the vector with entries rřjďi xjsi. When applied
on a matrix R, the same operator R denotes the cumsum
operation applied row-wise. A function c : Rˆ RÑ R is
submodular if it is twice differentiable and B2c{BxBy ă 0.
For two probability vectors a,b of size n and m, we write
Upa,bq “ tP P Rnˆm` |P1m “ a, PT1n “ bu for the
transportation polytope. Operations on matrices are to be
understood elementwise, and we use ˝ for the elementwise
product between matrices or vectors.
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2.1. Background: soft-ranking/sorting using OT
Suppose one is given an array x “ px1, . . . , xnq of n
numbers, weighted by a positive probability vector a “
pa1, . . . , anq of the same size. The idea of Cuturi et al.
(2019) is to consider an auxiliary vector y “ py1, . . . , ymq
of ordered values—typically the regular grid of m val-
ues in r0, 1s—to form a cost matrix Cxy :“ rcpxi, yjqsij ,
with c submodular. Along with probability vector b “
pb1, . . . , bmq for y, one defines then a (primal) regularized
OT problem:
P ε‹ :“ argmin
PPUpa,bq
xP,Cxy y ´ εHpP q , (P-RegOT)
where HpP q “ ´ři,j Pij plogPij ´ 1q denotes P ’s en-
tropy. This regularized OT problem has a factorized
solution (Cuturi, 2013) P ε‹ which can be written as
diagpuqKdiagpvq, where K “ expp´Cxy{εq and u P Rn
and v P Rm are fixed points of the Sinkhorn iteration. Cu-
turi et al. (2019) proposed the following smoothed ranking
and sorting operatorsrRε pa,x;b,yq :“ na´1 ˝ pP ε``bq P r0, nsn,rSε pa,x;b,yq :“ b´1 ˝ pP ε`´Txq P Rm.
obtained after running the Sinkhorn algorithm, and writing
P ε`` “ diagpu`qKdiagpv`q, P ε`´ “ diagpu`´1qKdiagpv`q.
The Sinkhorn algorithm is described in simplified form in
Alg.1. In practice the number of iterations ` can be set
dynamically, to enforce convergence.
Modification to Guarantee Marginals. There is a small
but important modification we have done to these opera-
tors, compared to Cuturi et al. (2019): We consider in the
definition of rSε the scaling u`´1 and not the scaling u`.
This is done in order to take advantage of the the fact that
after any iteration on v in algorithm Alg.1, the transport
matrix estimate diagpui´1qKdiagpviq has column-sums
exactly equal to b (but row-sums not necessarily equal to
a), whereas diagpuiqKdiagpviq has the opposite property
(equality of row-sums to a is ensured, but not of column-
sums to b). This modification ensures that the operatorsrRε and rSε effectively apply row-stochastic kernels to their
inputs, so each of the entries of rRε and rS are convex combi-
nations of x and nb. These modifications are particularly
important small `.
Algorithm 1 Sinkhorn with ` iterations
Inputs: a,b,x,y, ε, c
Cxy Ð rcpxi, yjqsij , K Ð e´Cxy{ε, u “ 1n
for i “ 1, . . . , ` do
vi Ð b{KTui´1, ui Ð a{Kvi
end
Result: u`,v`,u`´1,K
2.2. Differentiable quantile normalization
In the continuous world, a quantile normalization operator
maps values distributed according to a measure µ to values
described in a measure ν. That map is increasing (Santam-
brogio, 2015, §2), and is the composition of maps Qν ˝ Fµ:
one computes first the CDF of the input value x w.r.t. µ, and
then outputs the quantile of ν at that level. The challenge
of that transformation when instantiated on two discrete
measures ν “ řj bjδqj and µ “ ři aiδxi , is that it is not
differentiable because quantile and CDF functions Qν and
Fµ are staircase-like functions, and the output of their com-
position, requiring ranking, sorting and lookup tables is not
continuous. We adopt now a discrete perspective leverag-
ing the operators defined above to define a differentiable
quantile normalization operator that takes the values of x
(with weights a) as inputs, computes their soft-transport to
a target measure pb,yq where y is an arbitrary increasing
sequence in Rm, and then computes a convex combination
of the quantiles as described in q:
Definition 2.1 (Soft-Quantile Normalization Operators).
For any increasing vector q P Rm paired with a vector
of weights b P Σm, the following operator denotes the
quantile renormalization with respect to q of the values in x
weighted by a:
rTε,b,q pa,x;yq :“ a´1 ˝ pP ε``qq P Rn. (1)
Remark 1. Since diagpa´1qP ε`` is row-stochastic, the en-
tries of rT are convex combinations of entries of q. As we
show below, the entries of this vector have the same relative
ordering as the entries of x.
Remark 2. As the regularization level εÑ 0 and if m “ n,
a “ b “ 1{n, then P ε‹ converges to the sorting permuta-
tion matrix of x, rRε to the vector of ranks, and rT to the
usual quantile normalization operator (the entries of rT are
exactly those of q reindexed to agree with the arg-sort of x),
see Morvan & Vert (2017).
2.3. Monotonicity of Sinkhorn Operators
To be consistent as smoothed ranking, sorting and quan-
tile normalization operators, rRε, rSε and rTε,b,q should pos-
sess basic monotonicity properties. The sorted vectorrSε pa,x;b,yq should be non-decreasing, and if xi ď xi1
then the ith entry of rRε (respectively, rTε) should be smaller
than its i1th entry. As the following proposition shows, the
smoothed ranking and sorting operators proposed here en-
joy both of these properties, for any number of Sinkhorn
iterations.
Proposition 2.1. For any ` ě 0 and any submodular cost
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c, the following relations hold:
j ď j1 ùñ rrSε pa,x;b,yqsj ď rrSε pa,x;b,yqsj1
xi ď xi1 ùñ r rRε pa,x;b,yqsi ď r rRε pa,x;b,yqsi1
xi ď xi1 ùñ r rTε,b,q pa,x;yqsi ď r rTε,b,q pa,x;yqsi1 .
The proof is given in the supplementary, and relies on
stochastic monotonicity of the rows of the iterations of the
Sinkhorn algorithm, thanks to the crucial assumption that c
is submodular (Chiappori et al., 2017). A remarkable fea-
ture of this result is that it holds regardless of the number of
iterations `.
2.4. Implicit Differentiation of Sinkhorn Operators
Cuturi et al. (2019) proposes to use a direct automatic differ-
entiation of Sinkhorn iterations to obtain differentiability of
the transports P ε`´ and P
ε
`` that appear within
rRε, rSε, rTε,b,q.
Because storing all Sinkhorn iterations is required to use
automatic differentiation, the RAM cost of this approach is
heavy, totalling at least Op`n `m ` nmq, notably when
ε is small, in which case ` can be typically several hun-
dred. A possible workaround would be to use faster regu-
larized OT solvers. However, most of the approaches inves-
tigated recently to speed up the Sinkhorn iterations yield
non-differentiable computational graphs, since they involve
conditional choices (Dvurechensky et al., 2018) or are not
easy to parallelize (Altschuler et al., 2017). We have tried
modified iterations (Thibault et al., 2017; Schmitzer, 2016)
but they still prevent the use of these operators in larger
scale settings. We propose to bypass this issue using im-
plicit differentiation.
Implicit Differentiation for Backpropagation Since our
goal is to backpropagate through the transport we need a
fast algorithm to apply the transpose of the Jacobian map
of rTε,b,q only w.r.t. inputs x,b,q (for reasons that will
become clear in the next section). A variant of the com-
putations below appears in (Luise et al., 2018), which we
complement in several ways: Their goal was to compute
the gradient of xP ε‹ , Cxy y w.r.t. b only, their method uses
a Cholesky factorization of a pn `mq ˆ pn `mq matrix,
while we do away with this step using a Schur complement
and generalize derivations to also inputs x. Similar compu-
tations have also been carried out to prove statistical results
by Klatt et al. (2018).
Differentiating the OT Matrix The main challenge when
computing the transpose-Jacobians of rRε, rSε and rTε,b,q, is
to differentiate the optimal transport matrix P ε‹ w.r.t any
of the relevant inputs (both P ε`´ and P
ε
`` are assumed to
have converged to the solution P ε‹ , which we must assume
to do implicit calculus). Since P ε‹ does not change with q
as apparent from (1) (a fact highlighted by Morvan & Vert,
2017), the transpose-Jacobian of rTε,b,q w.r.t. q is simply
the map H Ñ pH ˝ P ε‹ qT1n. The challenge is therefore to
provide a fast way to apply the transpose-Jacobians of P ε‹
to any matrix H of size nˆm w.r.t. x and b.
Given H P Rnˆm, and a variable u that is either x or b,
we seek a linear operator pJuP ε‹ qT such that, assuming
P ε‹ pu`duq´P ε‹ pduq « JuP ε‹ pduq, one has for anyH that
xH, JuP ε‹ pduq y “ xpJuP ε‹ qTH, duq y. We parameterize
first P ε‹ as the solution of a dual regularized OT problem.
Dual formulation As discussed by Peyré & Cuturi (2019,
§4), (P-RegOT) is equivalent to the dual problem below,
where we use the notation f ‘ g :“ f1Tm ` 1ngT for the
tensor addition of these two vectors,
max
fPRn,gPRmf
Ta` gTb´ ε1Tne
f‘g´Cpuq
ε 1m. (D-RegOT)
When f and g are optimal, one has P ε‹ “ e
f‘g´Cpuq
ε .
Variations in P ε‹ . Assuming all other variables fixed,
P ε‹ pu` duq ´ P ε‹ puq « JuP ε‹ pduq
“ 1
ε
P ε‹ puq ˝
`
Jufpduq1Tm ` 1nJugpduqT ´ JuCpduq
˘
“ 1
ε
diagpJufpduqqP ε‹ puq ` P ε‹ diagpJugpduqq
´ P ε‹ puq ˝ JuCpduq.
Using an arbitrary H , one recovers that
xH, JuP ε‹ pduq y “ 1ε xpJufqT pH ˝ P ε‹ q1m, du y
` 1ε xpJugqT pHT ˝ P ε‹ T q1n, du y
´ 1ε xpH ˝ P ˝ JuCT q1m, du y.
Three (transposed) Jacobians are therefore needed w.r.t. u,
those of Juf , Jug and JuC. Note that JbC “ 0pnˆmqˆm
and we will assume pJxCqT can be accessed. For instance
when c “ p¨ ´ ¨q2, pJxCqT “ ∆ :“ 2py1Tn ´ 1mxT q.
Jacobians of fpuq and gpuq require more work.
Variations in f ,g. We use the minε operator to simplify
equations, defined on matrices of arbitrary size as
ForA P Rpˆq,minεpAq “ ´ε logppeAqT1qq P Rp.
For a vector z P Rn`m we write zf and zg for the vectors of
its first n and lastm entries respectively, such that z “ “ zfzg ‰.
The first order conditions for f ,g, boil down to
τ
`“
f
g
‰˘ “ 0,where τpzq :“” minεpCxy´zf‘zgq`ε log aminεpCTxy´zg‘zf q`ε logb ı .
A sequence of computations (provided in the supplement)
yields that the Jacobian of τ is a nˆm block matrix,
Jzτpx, zq “ ´
„
In M1
M2 Im

,
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where we have written M “ epzf‘zg´Cxyq{ε to define
M1 “ diagp1{M1mqM and M2 “ diagp1{MT1nqMT .
Note that in the case where z coincides with a solution
“
f
g
‰
to (D-RegOT), M is the optimal transportation plan. M1
and M2 can therefore be interpreted as Markov kernel (row-
stochastic) matrices. Using the matrix inversion theorem we
obtain that the inverse transposed Jacobian is
´Jzτpzq´T “
„
In `MT2 S´1MT1 ´MT2 S´1
´S´1MT1 S´1

,
with the transpose-Schur complement S “ Im ´MT1 MT2 .
Differentiation w.r.t x or b The implicit mechanism link-
ing variable u (where u is still either x or b) with fpuq and
gpuq is given by the implicit function theorem (here, instan-
tiated in its transpose form) which states that, at optimality
(here we overload τ to also consider values x or b as inputs
to the first order equation for simplicity),´
Ju
”
fpuq
gpuq
ı¯T “ ´pJuτpuqqT pJzτpzqq´T ,
With a few computations we have for u equal to x or b,
pJxτqpxqdx “
”
dx˝pM1˝∆q1m
pM2˝∆T qdx
ı
, pJbτpbqqdb “
”
0n
εdb{b
ı
,
and therefore
pJxτqT pdzq “ zf ˝ pM1 ˝∆q1m ` pMT2 ˝∆qdzg,
pJbτqT pdzq “ b{ε ˝ dzg.
Applying these results backwards, we recover Alg. 2, which
provides all “custom” gradients needed to incorporate
Sinkhorn operators in end-to-end differentiable pipelines.
Algorithm 2 Sinkhorn and Jacobians Transpose Evaluations
Inputs: a,b,x,y, ε, c, ρ ą 0, H P Rnˆm
C Ð rcpxi, yjqsij , ∆ Ð pJxCqT .
repeat
gÐ ε logb`minεpCT ´ g ‘ fq ` g
f Ð ε log a`minεpC ´ f ‘ gq ` f
until }e´ 1ε pCT´g‘fq1n ´ b} ă ρ;
P Ð e´ 1ε pCT´g‘fq, f Ð f ´ f r0s,gÐ g ` f r0s
M1 Ð diagp1{P1mqP,M1r0, :s “ 01ˆm
M2 Ð diagp1{PT1nqPT
zf Ð pH ˝ P q1m, zg Ð pH ˝ P qT1n
wg Ð S´1pMT1 zf ´ zgq.
zf Ð zf `MT2 wg, zg Ð ´wg
JTxH “ ´ 1ε pH˝P ˝∆q1m`zf˝pM1˝∆q1m`pMT2 ˝∆qzg
JTbH “ b ˝ zg{ε
Result: P, JTxH, JTbH
Remark 3. Alg.2 above contains two extra steps not appear-
ing in our presentation. Those consist in setting to 0 the first
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Figure 2. Comparison of raw computation times (including ten-
sorflow instantiation) of transposed Jacobians using AD and the
implicit approach outlined in Algo.2. Execution carried n batches,
with 10 averages, m “ 10 and ε “ 10´2
entry of f (and offsetting all other entries) and deleting the
first row of M1. This modification is due to the fact, also
noticed by Luise et al. (2018), that f and g are determined
up to a constant. Pinning the first variable of f to 0 helps lift
this indeterminacy, and slightly modifies M1 by removing
its first row, ensuring S is invertible.
Remark 4. The implicit approach outlined here is particu-
larly well suited to the case where m ! n, since the linear
system to be solved is of size mˆm and dominates the cost
of the final iterations outlined in Alg. 2. As can be expected,
we do observe in practice that the execution time of Alg. 2 is
roughly half that of the backprop approach used in (Cuturi
et al., 2019). The biggest improvement is of course in terms
of memory. All of the experiments done next exploit this
approach, and were stable numerically.
3. Matrix Factorization using Quantile
Renormalization
We explore in this section the problem of finding a good low-
rank approximation Z P Rdˆnk to a data matrix X P Rdˆn
using the tools introduced in §2.
3.1. Scaling and Factorization Models
The most standard way to express the matrix factorization
problem is to search for a low-rank matrix Z “ UV that
directly approximates X , where Z is the product of a tall
and slim matrix U P Uk Ă Rdˆk and a short and fat ma-
trix V P Vk Ă Rkˆn. That approximation is measured
in terms of ∆pX,UV q for some divergence ∆ (Figure 1,
left). As mentioned in §1, we propose first to consider a
family T of row-wise monotonic transform, such that X is
approximately equal to TpUV q for a product of factors UV
(Figure 1, middle). This suggests to consider the matrix-
factorization using supervised quantile normalization:
min
TPT d,UPUk,V PVk
∆pX,TpUV qq . (QMF)
We propose a second formulation that provides a more fined
grained control on the low-rank factorization itself, and
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which requires the simultaneous optimization of two trans-
formations T and T1 to balance two different goals: (i)
the transformation of X under T1 should facilitate obtain-
ing a low-rank approximation, namely by minimizing the
gap between T1pXq and ΠkpT1pXqq; (ii) the low-rank ap-
proximation should allow, up to another transformation T,
the approximate recovery of X , i.e., X « TpΠkpT1pXqqq.
These two goals—ease of factorization without sacrificing
the ability to reconstruct—can be modelled through the
following bi-level optimization problem (Πk being itself a
projection, the solution of an optimization)
min
T,T1PT d
∆pX,TpΠkpT1pXqqqq . (QMFQ)
Note that if there is a transformation TX P T d such
that TXpXq is exactly low-rank, then taking T1 “ TX ,
T “ T´1X solves (QMF) and (QMFQ). In the general case,
though, there is no reason why we should have T1 “ T´1
at optimum. Note that (QMFQ) is harder to minimize than
(QMF), since any solution T,T1 of (QMFQ) leads to a
feasible point of (QMF) with the same value (by taking
UV “ ΠkpT1pXqq), so the optimal value of (QMF) is at
least as low as that of (QMFQ). We now describe, building
on the different results in §2, our approach to parameterize
the families of maps T,T1.
3.2. Feature Scaling using Quantile Normalization.
Recall that given two distributions µ and ν overR, a quantile
normalization operator TµÑν : R Ñ R takes samples dis-
tributed according to µ and applies a non-decreasing trans-
formation such that these samples, after this transformation,
are distributed according to ν. Writing Fµ : R Ñ p0, 1q
for the cumulative distribution function (CDF) of µ and
Qν : p0, 1q Ñ R for the quantile function of ν, such a
non-decreasing map can be written as
TµÑν :“ Qν ˝ Fµ.
Notice therefore that, using classic identities relating the
CDF and quantile functions of a measure, one has
T´1µÑν “ F´1µ ˝Q´1ν “ Qµ ˝ Fν “ TνÑµ,
From data and variables to measures. In both (QMF)
and (QMFQ) problems, the input measure µ will be the
discrete measure of values extracted from the row of a ma-
trix W , where W will be either X directly (as in QMFQ),
or a low-rank reconstruction, either in explicit UV or im-
plicit Πk form. We parameterize the output measure ν as
a discrete measure of finite support. To solve (QMF) or
(QMFQ) in T, one would then require that the outputs of
TµÑν be differentiable according to both the input mea-
sures (notably when applied to a reconstruction) and the
parameterized output measure ν. The differentiation w.r.t
to quantiles themselves was investigated by Morvan & Vert
(2017). The differentiability w.r.t. inputs can be obtained
using the soft-quantile normalization operator introduced in
§2.2. Note that our definition also has the added flexibility,
compared to Morvan & Vert (2017), of introducing weighted
quantiles with parameter b (this is equivalent to defining
exactly the levels b to which these quantiles correspond).
3.3. Row-wise soft-quantile transformation
Input measures µ “ pµ1, . . . , µdq. µi is the distribution of
values of the i-th feature of a matrix, written here W . W
can be the original data matrix X or, more to the point
for optimization, its explicit (UV ) or implicit (ΠkpXq)
reconstructions. The measure for feature i is therefore
µipW q :“ 1n
řn
j“1 δWij .
Target measures ν “ pν1, . . . , νdq. We store the values
of vectors bi and qi row-wise in matrices B,Q to obtain
νipB,Qq :“ 1n
řm
j“1BijδQij , where B,Q P Rdˆm, B is
row-stochastic and Q is row increasing. Notice B and Q
are simultaneously pictured in Fig.1 underneath the labels
Tν : the colors varying from dark to light denote increasing
values for Q row-wise, whereas the varying sizes of buckets
in each row stand for probability weights B. Here, param-
eter m effectively controls the complexity / size of νi. We
argue that in most cases, the budget of target quantiles m
should be much lower that n, as discussed as well by Cuturi
et al. (2019). In applications where n is a few hundreds, we
find that choosing small m, such as 8 or 16, works very well
(See Fig. 6).
From discountinuous to everywhere differentiable.
Given an arbitrary sorted sequence y “ py1, . . . , ymq, our
approach relies on the following identity, valid only when
n “ m and b “ a “ 1nn (and therefore B “ 1dˆn{n), and
for each i ď d, w “Wi¨,q “ Qi¨rTε,b,qi pa,w;yq Ñ
εÑ0 TµiÑνipwq.
The main interest in using the expression on the left is that,
either through back-propagation or implicit differentiation
as proposed in §2.4, the rTε,b,qi operator is differentiable in
all of its inputs and parameters (crucially W,B,Q) here as
soon as ε ą 0, while TµiÑνi is not.
Row-stochasticity of B. The constraints that B is row-
wise stochastic can be taken into account by introducing
precursors under the action of a soft-max. More specifically,
we will write B as the row-wise softmax of a precursor
matrix of F P Rdˆm,
BpF q :“ σpF q “ diagp1{peF1mq eF .
Monotonicity and Range of Q. The constraint that Q is
increasing can be enforced by considering cumulative sums
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of non-negative values, possibly offset by a constant. In
its most direct form, notably when deflating X to obtain a
matrix easy to factorize as in (QMFQ), Q can be cast as the
row-wise cumulative sum of the exponentials of an arbitrary
precursor matrix R P Rdˆm,
Q1pRq :“ eR,
where the cumsum operator is applied row-wise. When a
quantile operator is carried out to inflate back the results
of low-rank factorizations UV or Πk, we can directly “pin”
the quantiles to lie in a range of values known beforheand.
Indeed, since the goal is to reconstruct a known data matrix
X , one can set those segments to be rsi, tis where si and ti
are the minimums and maximums of row i. Therefore, for
a slightly slimmer matrix R P Rdˆpm´1q, and storing the
ranges of values in s “ ps1, . . . , sdq and t “ pt1, . . . , tdq,
we recover the following map to define suitable quantiles
from a precursor R,
QpR, s, tq :“ diagpt´ sqr0d, σpRqs ` s1Tm,
therefore recovering increasing quantiles that are pinned
down to lie exactly in the desired ranges.
3.4. Quantile Matrix Factorization
We treat the first problem outlined in (QMF) as an optimiza-
tion problem with two precursor variablesF,R P Rdˆm that
characterize target measures through quantile values QpRq
and probability weights BpF q. We assume that ∆ is separa-
ble along rows, and use the following notations for space:
Given two precursor matrices F and R, the map T˜ε,F,R
applies to each row i the soft quantile operator defined using
weights bi “ BpF qi¨ and quantiles qi “ Q1pRqi¨.
min
RPRnˆm´1
FPRnˆm
UPRdˆk,V PRkˆn
ÿ
i
∆
´
X, T˜ε,F,RpUV q
¯
.
Note that the main computational effort here consists in
applying d quantile normalization operators. When suitable,
we therefore use mini-batch sampling on the d features to
perform SGD on all parameters. When used on non-negative
matrix factorization problems, as demonstrated in §4, we
also parameterize U, V as exponential maps of precursor
matrices of the same size to enfore non-negativity.
3.5. Quantiles Matrix Factorization Quantiles
The optimization problem outlined in (QMFQ) is a bilevel
programming problem, and therefore less scalable than
QMF. We consider it nonetheless because of its interest as a
modeling tool: The result of QMFQ can be used to normal-
ize first a new incoming point, project it on the dictionary U
resulting from ΠkpT1pXqq, and then project it back using
T. To optimize this bilevel problem, we consider here the
case in which Πk, the (approximate) projection operator can
be computed with an accesss to an operator computing the
transpose of the Jacobian applied to an input matrix. This
is notably the case when using SVD, with the analytic for-
mulas provided for truncated SVD (Feppon & Lermusiaux,
2018, Thm. 25), or by unrolling a fixed point iteration, such
as the multiplicative updates proposed in (Lee & Seung,
1999) to minimize the Kullback-Leibler loss between two
non-negative matrices. We consider here the latter approach
to consider for F, F 1, R1 P Rdˆm and R P Rdˆpm´1q.
min
RPRnˆm´1
F,F 1,R1PRnˆm
ÿ
i
∆
´
X, T˜ε,F,RpΠkpT˜ε,F 1,R1pXqqqq
¯
.
4. Experiments
In all experiments reported here, we set ε and learning rates
to 0.01. Toy illustrations We consider in this section the
following dimensions: d “ 160, n “ 80, k “ 8. We
generate two ground truth factors U˚ and V˚ randomly,
U˚ is a table of i.i.d Poisson realizations with parameter
λ “ 2, whereas each column of V˚ is drawn according to
a Dirichlet prior with parameters α “ 1{2. We then apply
a “ground truth” quantile normalization to these entries,
T0,F˚,R˚pU˚V˚q, where the precursors R are sampled as
a standard Gaussian multivariate distribution, and F˚ is a
vector of zeros of sizem˚ “ n (using here standard quantile
renormalization, not regularized). We then run NMF, QMF
and QMFQ using the same k “ 8.
The factors U, V used in NMF, QMF and each inner evalu-
ation of Πk in QMFQ are initialized with random uniform
values (to retain consistency across outer iterations, the seed
of QMFQ is always the same). We plot in Fig. 5 the KL di-
vergence of these three different methods. We plot in Fig. 6
the two quantile distributions quantiles learned by QMFQ
for the first feature, as well as the learned quantile for QMF.
Error bars on larger experiments We consider the follow-
ing dimensions, d “ 500, n “ 256, k “ 10, and run the
algorithms across various setups, including mini-batches for
QMF, various inner loop iterations for QMFQ and various
values for targets m. We monitor the KL decrease aver-
aged over 8 repeats of the data generation process outlined
above (quantile normalization of U˚, V˚) to which we add a
truncated Gaussian noise (non-negative values) of standard
deviation 10. All of our results (see supplementary for more
exhaustive explorations of the parameter space) agree with
intuition and show the robustness of the two approaches
presented here, and are summerized in Fig. 4.
Genomics. As an illustration on real-world data we consider
the problem of multiomics data integration, a domain where
NMF has been shown to be a relevant approach to capture
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Figure 3. KL losses for various cancer datasets as described in (Chalise & Fridley, 2017), in which dimensions are a few hundreds patients
for n and d « 11, 500 per dataset. Here QMF is computed with small batch size 64 for QMF along the d dimension and m “ 16.
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Figure 4. KL decrease in a synthetic T˚pUV q ` maxp10N , 0q
model with noise. As can be expected, the size of the batch size
for QMF influences early/late convergence.
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Figure 5. (left) Decrease of the KL loss across iterations for all
three methods. The NMF quickly saturates (the ground truth is
indeed not low rank), while QNMF and QNMFQ quickly reach
almost perfect reconstruction, despite going through a quantile nor-
malization step that only has a budget of m “ 8 values. Note that
the plot only describes outer loop iterations. In that sense QMFQ
is far slower than QMF or NMF, since it requires a 100 iterations
of NMF as an inner loop to correctly approximate ΠkpT1pXqq.
(right) decrease of these inner loops as a function of the outer loop.
As expected, the KL decreases faster as the algorithm progresses.
Note that the KL scales on both plots are not comparable, since
the right KL is computed using values taking different ranges of
values (see also Fig. 6)
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Figure 6. (left) In blue, the true quantile distribution used to modify
the values of the first row of the ground truth matrix U˚V˚. Both
QMFQ and QMF methods are able to recover almost exactly lighter
representations (here m “ 8) of the true quantile distributions.
(right) In addition, QMFQ also produces a transformation able to
deflate the values of X so that they can be easily factorized. Note
the difference in ranges (y-axis) between the values of q and q1.
low-rank representations of cancer patients using multiple
omics datasets (Chalise & Fridley, 2017). Following the
recent benchmark of Cantini et al. (2020), we collected from
The Cancer Genome Atlas (TCGA) three types of genomic
data (gene expression, miRNA expression and methylation)
for thousands of cancer samples from 9 cancer types, and
compare a standard NMF to QMF in their ability to find a
good low-rank approximation of the concatenated genomic
matrices. Figure 3 confirms that on all cancers, QMF finds
a factorization much closer to the original data than NMF
does. We provide more detailed results in Annex B.2.
To further explore the biological relevance of the factor-
ization found by QMF, we follow the protocol of Cantini
et al. (2020) and compute the significance of association
between each of the top 10 factors and survival, using a Cox
regression-based survival analysis. For this experiment, we
therefore compute a factorization in rank 10 with NMF and
QMF after log-transforming the expression and methylation
matrices, and keeping the top 6,000 genes with largest stan-
dard deviation in each data type. We train each model for
1,000 epochs, with a batch size of 64 and learning rate of
0.001. For QMF, we set the number of target quantiles to
m “ 16, and the regularization factor to 0.001. Figure 7
summarizes the results, showing for each cancer the nega-
tive base-10 logarithm of the Bonferroni-corrected P-values
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Figure 7. Identification of factors predictive of survival in cancers. For each method (NMF or QMF) and each cancer type, the dots show
the negative base-10 logarithm of the Bonferroni-corrected P-values associating each of the 10 factors to survival (Cox regression-based
survival analysis). The dot lines correspond to a corrected p-value of 0.05. Red dots indicate factors significantly associated with survival.
associating each of the 10 factors to survival, for both NMF
and QMF. Red dots indicate factors which are significantly
associated with survival (i.e., p-value<0.05 after Bonferroni
correction). Out of 9 cancers, we see that QMF finds more
factors associated with survival than NMF in 4 cases (breast,
lung, melanoma and sarcoma), while NMF outperforms
QMF in one case (liver), suggesting that the factorization
found by QMF is not only more accurate in terms of KL
loss than the one found by NMF, but also generally more
biologically relevant. Interestingly, comparing these results
with the benchmark of Cantini et al. (2020) which compares
8 different methods to extract relevant factors from genomic
data (not necessarily based on matrix factorization), QMF
matches or outperforms the best method of the benchmark
in 4 cancers out of 9 (breast: 2 significant factors for QMF
vs 2 for JIVE; colon: 0 for QMF vs 0 for all methods; lung:
2 for QMF vs 0 for all methods; sarcoma: 3 for QMF vs 2
for RGCCA, MCIA, Sckit and JIVE). The fact that QMF is
the only method to find factors significantly associated with
survival in lung cancers is particularly promising.
Conclusion.
We have proposed in this work an extension of low-rank
matrix factorization. Our model posits that matrix factor-
ization can be carried out, while still being reconstructive,
using quantile normalization operators. These proposals are
grounded on several extensions of soft-ranking and sorting
operators using OT laid out in §2. Our models in §3 do
not assume relations between the several qi and levels bi,
nor regularize them: this is an important future research
direction. Finally, our experiments suggest that despite the
non-convexity of both QMFQ and QMF, out-of-the-shelf
minimizers with minimal parameter tuning provided consis-
tently far better results than vanilla NMF. As with matrix
factorization, the non-convexity of this model seems well
behaved, likely to be facilitated by smoothing ε.
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A. Proofs
A.1. Proof of Proposition 2.1
We denote by P ε`` the matrix diagpu`qKdiagpv`q and
P ε`´ “ diagpu`´1qKdiagpv`q. Recall that P ε``1m “ a
whereas pP ε`´qT1n “ b For convenience, we can assume
that the array x is sorted in non-decreasing order and that
the entries of x are distinct. The first assumption is without
loss of generality, since applying a permutation to the entries
of x and a has the effect of applying the same permutation
to the vectors rRε and rTε. The latter assumption can be
accomplished by infinitesimally perturbing the entries of
x and using the fact that rRε, rSε, and rTε are all continuous
functions of x.
Under these assumptions, it suffices to prove that the vectorsrSε pa,x;b,yq, rRε pa,x;b,yq, and rTε,b,q pa,x;yq are non-
decreasing. These three claims follow from the following
monotonicity property of P ε`` and P
ε
`´ .
Lemma A.1. For any 0 ď k ď m, the sum of the last
k columns of diagpaq´1P ε`` is a vector whose entries are
non-decreasing. Similarly, for any 0 ď k ď n, the sum of
the last k rows of diagpbq´1P ε`´ is a vector whose entries
are non-decreasing.
Let us first see how this implies the proposition. Let M
be any matrix each of whose rows sums to 1 and such that
the sum of its last k columns is a non-decreasing vector.
Under these conditions, if w is a non-decreasing vector,
then Mw is non-decreasing. Indeed, if we denote by Mj
the jth column of M , we can write
Mw “
ÿ
j
Mjwj “
ÿ
j
Mj
˜
w1 `
ÿ
1ďJăj
wJ`1 ´ wJ
¸
“ w1
ÿ
j
Mj `
ÿ
J
pwJ`1 ´ wJq
ÿ
jąJ
Mj .
By assumption,
ř
jMj “ 1, the all-ones vector, andř
jąJMj is a non-decreasing vector. Since w is non-
decreasing, wJ`1 ´ wJ is non-negative for each J . We
obtain that Mw is the sum of a constant vector and a non-
negative linear combination of non-decreasing vectors, and
is therefore non-decreasing.
Applying this argument to diagpbq´1pP ε`´qT and the non-
decreasing vector x gives the first claim on the vector
of sorted values, whereas applying the same argument to
diagpaq´1P ε`` and the non-decreasing vectors b and q gives
the second and third claims.
All that remains is to prove the lemma.
Proof of Lemma A.1. We prove only the the first claim,
since the second follows upon taking transposes and in-
terchanging pa,xq and pb,yq. Write M “ diagpaq´1P ε`` .
WritingMj for the jth column ofM , our goal is to show thatř
jąJMj is a non-decreasing vector for any J . Fix i ă i1.
We first note that j ÞÑ rpjq :“ MijMi1j is non-increasing. In-
deed, for j ă j1, we have rpjq{rpj1q “ MijMi1j1Mi1jMij1 ě 1 by
Lemma A.2. Therefore, for any i ă i1, we haveÿ
jďJ
Mi1j
ÿ
jąJ
Mij “
ÿ
jďJ
rpjq´1Mij
ÿ
jąJ
rpjqMi1j
ě prpm´ kq´1
ÿ
jďJ
Mijqprpm´ kq
ÿ
jąJ
Mi1jq
“
ÿ
jďJ
Mij
ÿ
jąJ
Mi1j .
Recall that each row of M sums to 1. Addingř
jąJMij
ř
jąJMi1j to both sides of the above inequality
therefore yields ÿ
jąJ
Mij ď
ÿ
jąJ
Mi1j .
Since this argument holds for any i ă i1, the vectorř
jąJMj is non-decreasing, as claimed.
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Lemma A.2. If c is submodular and x and y are non-
decreasing, then for any ` ě 0 the matrix M :“
diagpaq´1P ε`` satisfies MijMi1j1{Mi1jMij1 ě 1 for all
i ď i1, j ď j1.
Proof. By the definition of P ε`` , we can write M “
diagpaq´1diagpu`qKdiagpv`q, so
MijMi1j1
Mi1jMij1
“ a
´1
i a
´1
i1 pu`qipu`qi1pv`qjpv`qj1KijKi1j1
a´1i a
´1
i1 pu`qipu`qi1pv`qjpv`qj1Ki1jKij1
“ KijKi1j1
Ki1jKij1
“ e 1ε pcpxi1 ,yjq`cpxi,yj1 q´cpxi,yjq´cpxi1 ,yj1 qq
“ exp
˜
´1
ε
ż xi1
xi
ż yj1
yj
B2c
BxBy dydx
¸
ě 1 ,
where the last inequality follows from the assumption that c
is submodular.
A.2. Computing the Jacobians
For z P Rn`m we write zf P Rn (resp. zg P Rm) for the
subvector of z with the first n (resp. the last m) entries
of z, i.e., z “ pzTf , zTg qT . Let Π : Rn`m Ñ Rnˆm be
the linear mapping defined for any z P Rn`m by Πz “
´pzf1Tm ` 1nzTg q. For any vector u P Rd, we denote by
diagpuq the dˆ d diagonal matrix with diagonal equal to u.
We define for x P Rn and z P Rn`m the function
τ : px, zq ÞÑ
„
minεpCpxq `Πzq ` ε log a
minεpCpxqT ` pΠzqT q ` ε logb

,
where Cpxq “ rcpxi, yjqsij P Rnˆm, and for any A P
Rnˆm, minεpAq “ ´ε logpe´A{ε1mq.
If we denote by zpxq “ pfpxqT ,gpxqT qT the output of
the Sinkhorn iterations upon convergence, then it holds
that τpx, zpxqq “ 0. τ being continuously differentiable,
the implicit function theorem tells us that if the Jacobian
Jzτpx, zpxqq is invertible, then there exists an open neigh-
borhood of x where x ÞÑ zpxq is invertible and its Jacobian
satisfies Jxzpxq “ ´Jzτpx, zpxqq´1Jxτpx, zpxqq. Let us
therefore compute these terms.
In order to compute ´Jzτpx, zq´1, we first observe that for
any H P Rnˆm,
rJAminεpAqspHq “ pe
´A{ε ˝Hq1m
e´A{ε1m
,
therefore, for any δ P Rn`m,
rJzminεpCpxq `Πzqspδq “ pM ˝Πδq1m
M1m
,
where we write for convenience
M “ e´Cpxq`Πzε .
Notice now that
M˝Πδ “ ´M˝pδf1Tm`1nδTg q “ ´diagpδf qM´Mdiagpδgq ,
therefore
pM ˝Πδq1m “ ´δf ˝ pM1mq ´Mδg ,
from which we obtain
rJzminεpCpxq `Πzqspδq
“ ´δf ˝ pM1mq `Mδg
M1m
“ ´δf ´ Mδg
M1m
.
Similarly, we obtain
rJzminεpCT pxq ` pΠzqT qspδq “ ´δg ´ M
T δf
MT1n
.
Wrapping up, we finally obtain that
rJzτpx, zqspδq “ ´
«
δf ` MδgM1m
MT δf
MT 1n
` δg
ff
,
and therefore, writing M1 “ diagp1{M1mqM and M2 “
diagp1{MT1nqMT :
´Jzτpx, zq “
„
In M1
M2 Im

.
Using matrix inversion with the Schur complement, we
finally get
´ Jzτpx, zq´1 “
„
In `M1S´1M2 ´M1S´1
´S´1M2 S´1

, (2)
where S “ Im ´M2M1.
To compute Jxτpx, zq, we first observe that for any δ P Rn,
rJxτpx, zqspδq “
„ rJAminεpCpxq `Πzqs prJxCpxqspδqq
rJAminεpCT pxq ` pΠzqT qs
`rJxCT pxqspδq˘

.
Here, rJxCpxqspδq “ diagpδq∆ and rJxCT pxqspδq “
∆Tdiagpδq, where ∆ “ rc1pxi, yjqsi,j . Therefore, using
again the notation M1 and M2 , one has
rJxτpx, zqspδq “
„ pM1 ˝ diagpδq∆q1m
pM2 ˝∆Tdiagpδqq1n

“
„
δ ˝ pM1 ˝∆q1m
pM2 ˝∆T qδ

.
(3)
Combining (2) and (3), we finally get from the implicit
function theorem that rJxzpxqspδq is equal to:„`
In `M1S´1M2
˘ pδ ˝ pM1 ˝∆q1mq ´M1S´1pM2 ˝∆T qδ
S´1
`´M2pδ ˝ pM1 ˝∆q1mq ` pM2 ˝∆T qδ˘

.
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At this point, we should notice that the above derivation is
only valid is the Jacobian Jzτpx, zpxqq is invertible. How-
ever, on easily see that for any px, zq P Rn ˆ Rn`m,
τpx, zq “ τpx, z` λz0q with z0 “ p1Tn ,1TmqT and λ ą 0;
and simultaneously, the n `m equality in τpx, zq are re-
dundant, since as soon as n`m´ 1 of them are satisfied
then they are all satisfied. This implies that Jzτ is nowhere
invertible. In order to make it invertible, we can just remove
the first dimension in the definition of τpx, zq, and simulta-
neously constrain the first coordinate of z to be 0. One can
easily check that in that case, all the computations above
remain valid after removing the first row/column of each
matrix vector of dimension n.
B. Additional experiments
B.1. Simulations
In this section we provide more experimental results for
the “larger experiment” simulated problem described in the
main text, where we factorize a matrix with dimensions
d “ 500, n “ 256, k “ 10, modified by a ground truth
quantile normalization and corrupted by truncated Gaussian
noise. Figure 4 showed the performance during training
of NMF, QMQF and QMF with different batch size for a
learning rate equal to 0.01, and m “ 16 quantiles.
We first assess the influence of the learning rate. In Figure 8,
we plot the performance during training of NMF and QMF
with various batch size with learning rate 0.01 (left, identical
to Figure 4), and a larger learning rate 0.1 (right). While
NMF does not seem to be influenced by the learning rate
in this case, we see that the performance of QMF degrades
when the learning rate is too large, particularly for small
batch sizes, as expected. Overall, this confirms that taking
0.01 allows QMF to converge to a good solution, at least
when the batch size is at least 64.
Second, we discuss the impact of m, the number of quantile
levels. Figure 9 shows the training error of QMF when the
learning rate is fixed to 0.01, and we vary m among 4, 8 and
16. We see that m “ 4 leads to a suboptimal approximation
compared to m “ 8 or m “ 16, suggesting that m should
be large enough to model the quantile transformation. On
the other hand, the fact thatm “ 16 is not better thanm “ 8
(while the ground truth quantile transformation is obtained
with m “ 256 quantile levels) suggests that a relatively
small number of quantile levels is enough to approximate a
complex transform, in that case.
Figure 10 illustrates the different behaviors of NMF, QMF
and QMFQ on a simple matrix X (simulated according
to the “toy illustration”, with d “ 160, n “ 80, k “ 8,
see main text for details), where we see strong row-wise
patterns due to different quantile transformations applied
rowwise. We see in particular the that residuals after matrix
approximation by NMF have still strong rowwise patterns,
and overall larger values than those after QMF and QMFQ
approximation.
In Figures 11 and 12, finally, we compare the quantile trans-
forms inferred by QMF and QMFQ, respectively, on the
“larger experiment” with the parameters of Figure 4. Each
figure shows the quantile functions inferred for the first 20
features (out of a total of d “ 500 features). While the
reconstructed quantiles are generally very good approxima-
tions of the ground truth (in blue), we see a few cases where
QMFQ (a more costly option) recovers slightly better the
ground truth quantile function than QMF. In particular, it
seems that QMF sometimes allocates its budget of quan-
tile values not optimally (e.g. lower left plot of Figure 11)
whereas QMFQ does a better job in Figure 12. It would be
interesting to better understand why we see this behavior.
B.2. Genomics
In this section we provide additional experimental results
regarding the use of QMF for cancer genomics data inte-
gration. In particular, to assess the influence of the number
of quantile values m, we show in Figure 13 the decrease in
KL loss during optimization, on the 9 cancer data sets, for
NMF and for QMF with m “ 8 or 16 target quantiles. The
loss tends to decrease initially faster with NMF, but after
about 100 iterations QMF reaches lower loss values than
NMF consistently across all cancers and converges to lower
values. We do not see any important difference between
m “ 8 and m “ 16.
Quantile Normalization for Matrix Factorization
0 200 400 600 800 1000
epochs
101
102
KL - synthetic data: learning rate 0.01
batch=d, QMF, m=16
batch=16, QMF, m=16
batch=256, QMF, m=16
batch=64, QMF, m=16
NMF
0 200 400 600 800 1000
epochs
KL - synthetic data: learning rate 0.1
batch=d, QMF, m=16
batch=16, QMF, m=16
batch=256, QMF, m=16
batch=64, QMF, m=16
NMF
Figure 8. Sensitivity of QMF to learning rate. The setup here is identical to that of Figure 4 in the paper: we consider a synthetic model
with additive censored Gaussian noise. We show the results of different methods for a learning rate equal to 0.01 (left) or 0.1 (right).
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Figure 9. Sensitivity of QMF to the number of target quantiles: we
have observed that setting m to a number larger than 8 is usually
sufficient to obtain good results. Here again the setup is identical
to that of Figure 4, with a learning rate set to 0.01
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Figure 10. Example of data matrix on the left, along reconstruction errors of all 3 approaches considered here, QMFQ, QMF and NMF.
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Figure 11. Reconstruction of quantile distributions for QMF in the synthetic + noise setting of Fig. 4 in the paper for the first 20 features.
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Figure 12. Reconstruction of quantile distributions for QMFQ in the synthetic + noise setting of Fig. 4 in the paper for the first 20 features.
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Figure 13. Decrease of Kullback-Leibler divergence on the 9 genomics datasets, using QMF with a batch size of 64 and a learning rate of
0.001 with different number of quantiles m.
